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Abstract 

A Riemann surface M is said to be A'-quasiconformally homogeneous if for every 
two points p,q € M, there exists a A'-quasiconformal homeomorphism /: M—>M 
such that f(p) = q. In this paper, we show there exists a universal constant JC > 1 
such that if M is a iCquasiconformally homogeneous hyperbolic genus zero surface 
other than B 2 , then K > K. This answers a question by Gehring and Palka |10| . 
Further, we show that a non-maximal hyperbolic surface of genus g > 2 is not 
-fT-quasiconformally homogeneous for any finite K > 1. 



1 Introduction and statement of results 

Let M be a Riemann surface and let J~k{M) be the family of all A-quasiconformal 
homeomorphisms of M. Then M is said to be if-quasiconformally homogeneous if 
the family J-k(M) is transitive; that is, given any two points p,q G M, there exists 
an element / G J-k(M) such that /(p) = q. In 1976, the notion of quasiconformal 
homogeneity of Riemann surfaces was introduced by Gehring and Palka [10] in the 
setting of genus zero surfaces (and higher dimensional analogues). It was shown 
in [10| that the only genus zero surfaces admitting a transitive conformal family are 
exactly those which are not hyperbolic, i.e. the surfaces conformally equivalent to 
either P 1 , C, C* = C \ {0} or B 2 . It was also shown, by means of examples, that 
there exist hyperbolic genus zero surfaces, homeomorphic to P 1 minus a Cantor set, 
that are iT-quasiconformally homogeneous, for some finite K > 1. Recently, this 
problem has received renewed interest. Using Sullivan's Rigidity Theorem, it was 
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shown in [3 J by Bonfert-Taylor, Canary, Martin and Taylor, that in dimension n > 3, 
there exists a universal constant K, n > such that for every i<C-quasiconformally 
homogeneous hyperbolic n-manifold other than B n , it must hold that K > JC n . 
In [3J, by Bonfert-Taylor, Bridgeman and Canary, a partial result was obtained 
in dimension two for a certain subclass of closed hyperbolic surfaces satisfying a 
fixed-point condition. In the setting of genus zero surfaces, notions similar to (but 
stronger than) quasiconformal homogeneity have been studied by MacManus, Nakki 
and Palka in [TT] and further developed in [6j and [5] by Bonfert-Taylor, Canary, 
Martin, Taylor and Wolf. 

In this paper, we answer the original question of Gehring and Palka for genus 
zero surfaces. 

Theorem A (Genus zero surfaces). There exists a constant K > 1, such that if M 
is a K -quasiconformally homogeneous hyperbolic genus zero surface other than B 2 , 
then K > K. 

The outline of the proof of Theorem A is as follows. First, we restrict our 
attention to short geodesies, that is, simple closed geodesies which are close in 
length to the infimum of the lengths of all simple closed geodesies on our surface 
M. For K > 1 small enough, using ET-quasiconformal homogeneity, we show there 
exist intersections of short simple closed geodesies in a small neighbourhood of any 
preassigned point. Using this information, we construct a configuration of three 
intersecting short simple closed geodesies, see the three-circle Lemma below. By a 
combinatorial argument, we show that if M is near conformally homogeneous, these 
configurations can not exist, leading to the desired contradiction. 

As the only genus zero surfaces homogeneous with respect to a conformal family 
are conformally equivalent to either P , C, C* or B 2 , we thus have the following 
corollary of Theorem A. 

Corollary 1.1. There exists a constant K, > 1 such that if M is a K -quasiconformally 
homogeneous genus zero surface with K < K, then M is conformally equivalent to 
either P^C, C* or B 2 . 

This paper is organised as follows. In section 2 we recall some standard material 
and background results that will be used in the remainder of this paper. In section 3 
we present our proof of Theorem A. In section 4 we discuss the problem of obtaining 
a good estimate of the universal constant K, > 1 whose existence we establish in the 
proof of Theorem A. 

Acknowledgement. The authors thank the referee for several useful suggestions 
and comments on the manuscript. 
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2 Preliminaries 



Let us first recall some background material on hyperbolic surfaces and quasicon- 
formal mappings and set notation used throughout the remainder of this paper. 

2.1 Definitions 

Let M be a hyperbolic Riemann surface. By uniformizing M, we may assume that 
M = B 2 /T is covered by the Poincare disk D 2 . We endow M with the metric 
d(-, •), induced from the canonical hyperbolic metric d(-,-) on B 2 . The injectivity 
radius l{M) of M is the infimum over all p G M of the largest radius for which the 
exponential map at p is a injective. Define A(M) to be the infimum of the lengths 
of all simple closed geodesies on M. We have that A(M) > 2l(M). We denote by 
D(p,p) C M the closed hyperbolic disk with center p and radius p. Let J~k{M) be 
the family of all i^-quasiconformal homeomorphisms of M. Then M is said to be 
i<C-quasiconformally homogeneous if the family Tk{M) is transitive; that is, given 
any two points p,q G M, there exists an element / G Tk{M) such that f(p) = q. 

Let us also recall the following. An open Riemann surface M is a said to be 
extentable or non-maximal if it can be embedded in another Riemann surface Mq 
as a proper subregion; that is, if there exists a conformal mapping of M onto a 
proper subregion of Mq. If M is not extentable, then it is called maximal. Every 
open Riemann surface is contained in a maximal Riemann surface (including infinite 
genus Riemann surfaces), see [2]. A non-maximal Riemann surface of genus 0, i.e. 
embedded in the Riemann sphere, is also called a planar domain. Proposition 12.61 
below shows that a non-maximal hyperbolic surface of genus 1 < g < oo is not K- 
quasiconformally homogeneous for any K > 1. Therefore, as far as quasiconformal 
homogeneity of hyperbolic surfaces is concerned, one can further restrict to either: 

(i) hyperbolic genus zero surfaces, or 

(ii) maximal surfaces of genus 2 < g < oo. 

In this paper, we restrict attention to hyperbolic genus zero surfaces. 

Given a closed curve 7 G M, we denote by [7] the homotopy class of 7 in M. The 
geometric intersection number of isotopy classes of two closed curves a,@ G ni(M) 
is defined by 

i(a,/3) =min #{7 n 7}, (1) 

where the minimum is taken over all closed curves 7,7' C M with [7] = a and 
[7'] = (3. In other words, the geometric intersection number is the least number of 
intersections between curves representing the two homotopy classes. Let us recall 
some standard facts about simple closed curves, and in particular simple closed 
geodesies, on genus zero surfaces, see e.g. [8]. 
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Lemma 2.1 (Curves on genus zero surfaces). Let M be a genus zero surface. 

(i) Every simple closed curve 7 C M separates M into exactly two connected 
components. 

(ii) 1/7,7' C M are two simple closed curves, then 1(7,7') even. 

(iii) 1/7,7' C M are non-homotopic closed geodesies, then the closed curve a C M 
formed by any two subarcs n C 7 and 7/ C 7' connecting two points of 7 H 7' 
is homotopically non-trivial. 

2.2 Geometrical estimates 

The following lemma describes the asymptotic behaviour of the injectivity radius 
t(M) of a .RT-quasiconformally homogeneous hyperbolic surface in terms of K, see [3]. 

Lemma 2.2. Let M be a K -quasiconformally homogeneous hyperbolic surface and 
t(M) its injectivity radius. Then l{M) is uniformly bounded from below (for K 
bounded from above) and l(M)— >oo for K—*l. 

Consequently, \{M) is uniformly bounded from below and A(M)— >oo for K—*\. 
We fix Kq > 1 such that A(M) > 10 for every K-quasiconformally homogeneous 
hyperbolic surface M with K < K$. 

Remark 1. If M is a Tf -quasiconformally homogeneous hyperbolic surface, then 
the fact that A(M) > implies M has no cusps and therefore, any essential simple 
closed curve a C M has a unique simple closed geodesic representative 7 C M, 
see e.g. [13] • In particular, if 7 C M is a simple closed geodesic and /: M— >M a 
homeomorphism, then the closed geodesic homotopic to f(j) exists and is simple. 

A pair of pants is a surface homeomorphic to the sphere P 1 with the interior of 
three mutually disjoint closed topological disks removed. Geometrically, it is the 
surface obtained by gluing two hyperbolic hexagons along their seams. 

In what follows, we denote by I7I the hyperbolic length of a piecewise geodesic 
curve 7 C M. Here by piecewise geodesic curve we mean a finite concatenation of 
geodesies arcs. We have the following uniform estimate on lengths of simple closed 
geodesies, see [H Theorem 4.3.3]. 

Lemma 2.3. Let M be a hyperbolic surface and 7 a simple closed geodesic. Let 
f: M^tM a K -quasiconformal homeomorphism and 7' the simple closed geodesic 
homotopic to f(j). Then 



Further, we use the following classical result in the geometry of hyperbolic sur- 
faces. 




(2) 
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Collar Lemma. Set m{£) = arcsin(l/(sinh(£/2))). For a simple closed geodesic 
7 C M of length i = I7I, the set 

Aft) = { P eM: d{p, 7) < m(£)} (3) 

is an embedded annular neighbourhood ofj. 

In the next two lemma's we recollect uniform approximation estimates of K- 
quasiconformal homeomorphisms, in particular the behaviour when K—*l, see e.g. [9]. 

Lemma 2.4. For every K > 1 and < p < 1, there exists a constant C\{K,p), 
depending only on K and p, such that if f: B 2 ^B 2 is a K -quasiconformal homeo- 
morphism and D(p, p) C B 2 the closed hyperbolic disk of radius p centered atpG B 2 , 
there exists a Mobius transformation p, E M6b(B 2 ) such that 

d(f(q),tiq))<Ci(K,p) (4) 

for all q £ D(p, p). For fixed p > 0, we have that Cx(K, /?)— >0 for K—>1. 

Proof. By normalizing with suitable Mobius transformations, we may assume that 
/(0) = and /(l) = 1. As the family of K-quasiconformal homeomorphisms of 
B 2 onto itself fixing and 1 in B 2 is a normal family, see e.g. |T| p. 32], by a 
standard argument of uniform convergence on compact subsets, there exists a func- 
tion d(K,p) with d(K,p)-*Q if K->1 such that d{f{z),z) < Ci(K,p). Thus gj) 
follows. □ 

Further, we will utilize the following, see e.g. Lemma 2]. 

Lemma 2.5. For every K > 1, there exists a constant C^-fT) depending only on K 
with the following property. Let M be a hyperbolic surface and 7 C M a simple closed 
geodesic. If f: M^M is a K -quasiconformal homeomorphism, then the geodesic 7' 
homotopic to 7(7) has the property that 

d{f{n),"/)<C 2 {K). (5) 

Furthermore, C2(K)^0 as K—*\. 

2.3 Non- maximal surfaces of positive genus 

Using the geometrical estimates derived in the previous section, let us first prove 
the claim made in the introduction that non-maximal Riemann surfaces of genus 
1 < g < 00 are not iT-quasiconformally homogeneous for any finite K > 1. 
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Proposition 2.6 (Non-maximal surfaces of positive genus). Let M be a non- 
maximal surface of genus 1 < g < oo. Then M is not K -quasiconformally ho- 
mogeneous for any K > 1. 

Proof. To derive a contradiction, assume that M is K-quasiconformally homoge- 
neous for some finite K > 1. As M is non- maximal, M is embedded in a maximal 
hyperbolic surface Mq of genus g > 1. Let j? € Mo be an ideal boundary point of M 
and let D C Mo be a small closed disk embedded in Mq and centered at p. There 
exists a sequence of points p n € M n D so that do(Pn;|?)— >0 (where efo is the metric 
on Mo) and thus d(p n , dD)^oo, as p is in the ideal boundary of M. On the other 
hand, as g > 1, there exists a non-separating simple closed geodesic 7 C M. Mark 
a point p € 7. By transitivity of the family Tk{M), for every n > 1, there exists 
an element f n £ Tk{M) such that / n (p) = Pn- Therefore the simple closed curve 
f n {l) is non-separating for every n > 1 and thus 

/ n ( 7 ) n + 0. (6) 

Indeed, otherwise we have that f n {l) C M n D, implying that f n {l) is separating, 
as D is an embedded disk in the maximal surface Mo and thus the connected 
components of M PiD are planar subsurfaces, contradicting that 7 (and thus f n {l)) 
is non-separating. By Lemma [231 the geodesic j n homotopic to / n (7) has to stay 
within a bounded distance of f n {l) and therefore, for n large enough, the geodesic 
7 n has the property that 

7nnao/0 (7) 

by ©. It follows from © that 

\jn\>2(d(p n ,dD)-C 2 (K)) (8) 

with C*2(if ) the uniform constant of Lemma 12.51 put in words, the geodesic 7 n has 
to enter D n M, pass close to p n , and leave D n M again. As d(p n , dD)— >oo for 
n^oo, it follows that |7 n |^oo for n— >oo, contradicting Lemma 12.31 Thus M can 
not be i^-quasiconformally homogeneous for any finite K > 1. □ 

3 Quasiconformal homogeneity of genus zero 
surfaces 

In the remainder of our proof, let Kq > 1 as defined in section [2] and let M be a 
ii'-quasiconformally homogeneous hyperbolic genus zero surface, with 1 < K < Kq, 
and J-k(M) the family of all X-quasiconformal homeomorphisms of M, which is 
transitive by homogeneity of M. 
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3.1 The two-circle Lemma 

In what follows, we focus on short geodesies, in the following sense. 

Definition 1 (5-short geodesies). Given 5 > 0, a simple closed geodesic 7 C M is 
said to be 5-short if |-y | < (1 + 5)X(M). 

By Lemma [2. 2 1 and the remark following it, for every K < Kq, there is a uniform 
lower bound on the length of simple closed geodesies on M. Fix 

* = m <9> 

Definition 2 (Two-circle configuration). A two-circle configuration is a union of 
two 5o-short geodesies 71, 72 G M such that 71 and 72 intersect in exactly two points 

P!,p 2 G M. 

Topologically a two-circle configuration is a union of two simple closed curves 
71,72 in the surface M, intersecting transversely in exactly two points and 

M \ ( 71 U 72) 

consists of four connected components and the boundary of each component consists 
of two arcs. For future reference, let us label the four arcs 771 , 772 C 71 and 773, 774 C 72 
connecting the two intersection points p\ and P2, see Figure 1370 




P2 



Figure 3.1: A two-circle configuration with labeling. 



First, the following result, see also \12\ Proposition 4.6]. 

Lemma 3.1. There exists a uniform constant ro > such that for a pair of pants 
P C M, there exists a p G P such that D(p, ro) C P. 

Proof. Each pair of pants decomposes into two ideal triangles. As every ideal tri- 
angle contains a disk of radius | log 3, every pair of pants therefore contains a disk 
of (at least) that radius. Thus we may take ro = \ log 3. □ 
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We first prove the existence of intersecting <5o-short geodesies on M for suffi- 
ciently small K > 1, as we build forth upon this result in the remainder of the 
proof. 

Lemma 3.2 (Intersections of short geodesies). There exists a constant 1 < K\ < 
Kq, such that if M is K-quasiconformally homogeneous with 1 < K < K\, then 
there exist So-short geodesies that intersect. 

Proof. To prove there exist intersecting <5o-short geodesies on M, we argue by con- 
tradiction. That is, suppose all (5o-short geodesies on M are mutually disjoint. 
Choose 1 < K\ < Kq so that 

Kl £ rrik a " d C2(Kl) - t- (10) 

with C%(K) the constant of Lemma 12.51 and ro the constant of Lemma 13. 11 

Let us first observe that there exist infinitely many distinct 5o-short geodesies 
on M. Indeed, as A(M) > 0, there exists a simple closed geodesic 70 C M such 
that I70I < (1 + 5q/2)X(M). Mark a point pq G 70 and choose / 6 Fk(M) such 
that f(po) = q, for a certain q £ M. By our choice of K±, cf. (fTU|) . combined with 
Lemma I2T31 the geodesic 7 homotopic to /(70) is 5o-short, for every / € !Fk(M). As 
the surface is unbounded (in the hyperbolic metric), by transporting the geodesic 
70 by different elements of J~k(M) sufficiently far apart, by Lemma [2.51 we see that 
there must indeed exist infinitely many different 5o-short curves. Denote To the 
(countable) family of all 5o-short geodesies on M. 

As all elements of Tq lie in different homotopy classes, and all elements are 
mutually disjoint, we claim that the elements of Tq are locally finite, in the sense 
that a compact subset of M only intersects finitely many distinct elements of Tq. 
Indeed, suppose that a compact subset of M intersects infinitely many elements 
of Tq. Label these geodesies j n , n G 7L. By compactness, there exists an element 
7 := 7 n , for some n € Z, and a subsequence 7 nfe , with 7^ n, such that ^(7, 7n fe )^0 
for k— >oo. As all these elements are mutually disjoint, we can find points pk € Jn k 
such that Pk^P £ 7, where, moreover, the vectors Vk € T Pk M tangent to 7„ fe at pk 
converge to the tangent vector v € T p M of 7 at p. As the lengths of the geodesies 
jn k are uniformly bounded from above, by the Collar Lemma (see section [2]), every 
curve 7„ ft is contained in a uniformly thick embedded annulus := A{^ nk ) C M. 
Conversely, as the lengths of the geodesies are uniformly bounded from above, and as 
the initial data (pk,Vk) of 7„ fc converges to the initial data (p, v) of 7, the geodesies 
jn k converge uniformly to 7. In particular, for sufficiently large k, 7 is entirely 
contained in A^. However, this implies that 7 is homotopic to 7„ fe , a contradiction 
as these were all assumed to be mutually disjoint and thus non-homotopic. 
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Choose an element 71 £ Tq. As the elements of Tq are locally finite, and as 
the distance between any two elements of Tq is finite, the distance between 71 and 
the union of the elements Tq \ {71} is therefore bounded from below and above. 
In particular, there exists a Jo-short geodesic with shortest distance to 71 (though 
this geodesic need not be unique). Denote one such geodesic by 72. There exists 
a geodesic arc 77 C M connecting 71 and 72, with |r/| = ^(71,72)- Take a simple 
closed curve a C M homotopic to 71 U 77 U 72 and let 7' be the (not necessarily Jo- 
short) geodesic homotopic to a. As 71 and 72 are disjoint, and therefore in distinct 
homotopy classes, 7' is non-trivial. By Lemma l2.ll (iii). we have that 

7' n (71 u 72) = 0. 

Let P C M be the pair of pants bounded by the simple closed geodesies 7', 71 and 
72. As every pair of pants contains a unique simple geodesic arc connecting each 
pair of boundary geodesies of the pair of pants, 77 C P is the unique geodesic arc in 
P joining 71 and 72 such that |r/| = ^(71,72), see Figure [3721 



i 




Figure 3.2: Proof of Lemma [3.21 

Next, we claim that the interior of P is disjoint from any Jo-short geodesic. 
Indeed, let 

73 e r \ {71,72}, 

and suppose that 73 n Int(P) 7^ 0. As 71,72 € To, by assumption 73 can not 
intersect 71 or 72. Thus, if 73 n Int(P) ^ 0, then we necessarily have that 73 n 
7' ^ 0. Consider any two consecutive intersection points gi,(?2 £ 73 of 7' with 
73 and denote 7/ C 73 PI P the corresponding simple arc with endpoints q\ and 
q2- We first show that we must have that 7/ n r\ 7^ 0. To show this, suppose that 
rf n 7] = 0. Then 77' n (71 U r\ U 72) = 0. Define 7J 2 C 7' to be the simple arcs 
which are the two connected components of 7' \ {q±, 52}- Consider the subsurfaces 
M\,M2 C M bounded by j[ U 77' and 7 2 U 77' respectively and intersecting Int(P). 
As 77' n (71 U 77 U 72) = 0, 71 U 77 U 72 is contained in either M\ or M2. However, 
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this implies that one of these subsurfaces is a topological disk, which contradicts 
Lemma [2. II (iii). Therefore, we must have that rj'nrj 7^ 0. This in turn implies that 



d(73,7i) < ^(71,72) (11) 

which contradicts the assumption that 72 is the closest 5o-short geodesic to 71 . Thus 
the interior of P is disjoint from any <5o-short geodesic. 

By Lemma 13.11 there exists a point p € P such that D(p,ro) C P. By the 
previous paragraph, the disk D(p,ro) is disjoint from any <5o-short geodesic. Take 
/ € Tk(M) such that f(po) = p. The geodesic 7" homotopic to /(70) is <5o-short 
and, again by our choice of K±, combined with Lemma 12.51 the geodesic 7" has the 
property that 7" n D(p,ro) ^ 0. This contradicts our earlier conclusion that the 
interior of P is disjoint from Jo-short geodesies and thus there must exist <5o-short 
geodesies that intersect. □ 

Lemma 3.3 (Two-circle Lemma). Let M be K -quasiconformally homogeneous with 
1 < K < K\ and let 71 and 72 be two intersecting 5-short geodesies, where 5 < 1/3. 
Then 71 U72 is a two-circle configuration and the four arcs rji, 1 < i < 4, connecting 
the intersection points p\ and P2 have lengths 

KM) 5 W ,^ , , MM) 36 w „,, 

_ _ A (M) < \ m \ < -^i + — A(M). (12) 

Proof. Let 71,72 C M be two (5-short geodesies that intersect. By Lemma 12. II (ii), 
71 and 72 intersect in an even number of points. To prove there can be no more than 
two intersection points, suppose that there are 2k intersection points, with k > 2. 
Label these points p±, ...,P2k according to their cyclic ordering on 71, relative to an 
orientation on 71 and an initial point. Define the arcs ati, with 1 < i < 2k, to be 
the connected components of 

2k 

71 \(jPi- 

1=1 

As k > 2 by assumption, at least one of these arcs has length at most (l + <5)A(M)/4. 
Without loss of generality, we may suppose that this is the case for a\. Then the 
endpoints of a\, p\ and P2, cut the geodesic 72 into two connected components /3i 
and fy. One of these components, say flx, has length at most (1 + 5)\{M)/2. By 
Lemma 12. II (iii), a\ U Pi is a non-trivial closed curve. However, we have that 

_ . 3(1 + 6)X(M) 
\ai U fa] < -i ^-i — '- < A(M), 

as (1 + 5) < 4/3, which is impossible. Thus 71 and 72 intersect in exactly two points. 
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To prove (fT2|) . we adopt the labeling in Figure IBTTl As 71 = 771 U 772 and |7i| < 
(1 + 5)X(M), one of the arcs rji or 772 has length at most (1 + 5)X(M)/2. We may 
assume this is the case for 771. As the closed curve 773U771 is homotopically non-trivial, 
we must have that 

(1 + S)X(M) , . , , , Wl ,. 

+ 1%! > \m\ + \m\ > KM), 

and thus 

M > (13) 
Conversely, in order that | ^73 1 + |r?4| < (1 + 5)X(M), by (I13p . we must have that 

1^1 < (I + 1$) KM). (14) 

The other cases follow by symmetry. This finishes the proof. □ 

In particular, the two-circle Lemma holds for all 5 < 65o < 4/3. For future 
reference, we introduce the following. 

Definition 3 (Tight pair of pants). A tight pair of pants is a pair of pants P C M 
such that the three boundary curves are 3e)o-short geodesies. 

We have the following corollary of the two-circle Lemma. 

Corollary 3.4. Let M be K-quasiconformally homogeneous with 1 < K < K\. 
Then there exists a tight pair of pants. 




Figure 3.3: Proof of Corollary 13. 4[ 
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Proof. By the two-circle Lemma, for K < K%, there exists e)o-short geodesies 71 
and 72 that intersect in exactly two points. In the labeling of Figure [37T| let ct\ be 
the simple closed curve 771 U r/ 3 and 7J be the simple closed geodesic homotopic to 
a±. Similarly, let 02 the simple closed curve r\2 U % and 7 2 be the simple closed 
geodesic homotopic to a 2 . By Lemma [2.11 (hi), the three geodesies 7[,7 2 and 7! 
are disjoint and thus the region bounded by these three simple closed geodesies is a 
pair of pants P, see Figure 13.31 

To prove P is a tight pair of pants, it suffices to show that 7^ is 3#o-short, for 
i = 1,2, as 71 is <5o-short. It follows from (|12|) of the two-circle Lemma that 

M + M < 2 + ^A(M)) = (1 + 3<5 )A(M). (15) 

Therefore, the length of 7J is bounded by the length of r\\ U 773, which is at most 
(1 + 3<5o)A(M). Similarly, considering the length of r] 2 U 774, we obtain that 7 2 is 
3<5o-short. Therefore, P is a tight pair of pants. □ 



3.2 Definite angles of intersection 

In what follows, we use the following notation. Let 71,72 C M be two simple closed 
geodesies that intersect at a point p S M. The angle between the two geodesies 
at p £ M, denoted Z(7i, 72)33, is defined to be the minimum of Z(wi,w 2 ) p and 
Am ) ~ v 2)p where i>i,i>2 € T p M is a tangent vector to 71, 72 respectively. In order 
to produce certain configurations of intersecting simple closed geodesies, we show 
that for all K > 1 sufficiently small, there exist 3<5o-short geodesies intersecting at 
a uniformly large angle. More precisely, 

Lemma 3.5 (Definite angles of intersection). There exists a constant 1 < K2 < K\, 
such that if M is K -quasiconformally homogeneous with 1 < K < K2, then there 
exist two 35o-short geodesies 71,72 C M, intersecting at a point q € M, such that 
^(71,72)9 > tt/4. 

The proof of Lemma 13.51 uses the following two auxiliary lemma's. 

Lemma 3.6. Let H C B 2 be a right-angled hyperbolic hexagon. Let a,b,c be the 
sides of the alternate edges anda',b',c' the sides of the opposite edges. Suppose that 
\a\ = (1 + ei)£, \b\ = (1 + e 2 )£ and |c| = (1 + e 3 )£ with < e { < 1/2, 1 < i < 3. For 
every e > 0, there exists £ e > such that, if £ > £ e > £/&en t/ie lengths of the sides 
a' , 6' and c' are ai most e. 

Proof. By the hyperbolic cosine law for right-angled hexagons (see [H]), we have 
that 

cosh([a|)cosh(|6|) +cosh(|c|) 

cosh( c ) = . 7-71 [s . rrjiTs , (16) 

smh(|a|) smh(|6|) 
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which we can write as 



hf\ '\\ — * cosh(|c|) 

C ° S (|C lj ~ tanh(|a|)tanh(|6|) + sinh(|a|) sinh(|6|) [ ' 



We have that 

cosh(|c|) e( 1+ ^ e 



»0, for £^oo, (18) 



sinh(|o|)sinh(|6|) e( 2 +^+« 

as < €j < 1/2 for 1 < i < 3. Further, as tanh(r)— >1 for r— >oo, given any e' > 0, 
there exists an £ e i such that, if £ > £ e >, then 

cosh(|c |) < 1 + e'. (19) 

Thus given an e > 0, choose £ e > such that (fT9j) is satisfied with e := cosh _1 (l + e'). 
For this £ e > (with e' depending on e only), we have that 

|c'| < cosh-^l + e') = e (20) 

Cyclically permuting a,b,c and a',b',c' gives a similar estimate for a' and b' and 
this finishes the proof. □ 

Lemma 3.7. Let Tel 2 be an ideal triangle with boundary dT = 71 U 72 U 73 and 
bary center € B 2 . Let 7 c© 2 be a geodesic passing through € B 2 . Then for an 
i £ {1, 2, 3} ; 7 intersects dT at a point p € 7^, such that ir/A + eo < Z(7, Ji) p < vr/2 ; 
where €q ~ 0.24. 



Proof. Let us label the boundary geodesies 71,72,73 of the ideal triangle T as in 
Figure Let Zq C B 2 be the axis of symmetry of T, relative to the symmetry that 
exchanges 71 and 72 . The distance of £ B 2 to the point of intersection of £q with 
73 is I log 3. Let Zi be the axis perpendicular to the axis of symmetry relative to the 
symmetry that exchanges 72 and 73, see Figure [331 Let 9\ be the angle between the 
axis Zi and the geodesic 73. The angle between the axes Iq and Zi is tt/6. Therefore, 
by the hyperbolic cosine law, the angle 6\ between 73 and Zi is given by 

cos(6*i) = cosh f— log 3^ sin ^— ^ . 

It is readily verified that 9\ = tt/A + eo, with eo ~ 0.24. Suppose that the geodesic 
7 that passes through € B 2 is such that 7 n 73 7^ 0. Denote p the point of 
intersection of 7 with 73. By symmetry of the configuration, we may assume that 
p is contained in the arc 77 C 73 cut out by the two intersection points of Iq and Zi 
with 73, which, up to symmetry, represents the extremal case. Thus we have that 
7r/4 + eo < Z(7, 7i) p < n/2. This finishes the proof of the Lemma. □ 
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Figure 3.4: Proof of Lemma [3. 71 



Proof of Lemma 13.51 By Corollary 13.44 there exists a tight pair of pants P C M, 
i.e. a pair of pants P with dP = 71 U 72 U 73, with the property that the three 
boundary geodesies 71,72,73 are 3<5o-short. Lifting the pair of pants P to the cover 
B 2 , it unfolds to two right-angled hexagons H,H' C B 2 , each of which contains 
exactly a half of the component of the lift 7, of 7$ to B 2 as its alternate boundary 
arcs, with 1 < i < 3. Restrict to H and denote rji with 1 < i < 3 the alternating 
boundary arcs. As the length of rji is exactly half of that of 7^, with 1 < i < 3, and 
these are 3<5o-short, the lengths rji satisfy the length requirement of Lemma 13.61 so 
that, given any e > there exists a K > 1 such that the lengths of the three sides 
of the hexagon H opposite to rji are of length at most e, as A(M)^oo for K^l by 
Lemma 12.21 

Therefore, by normalizing by a suitable element of M6b(B 2 ) if necessary, the 
hexagon H C B 2 converges on a compact disk D(0, 10) to an ideal triangle with 
barycenter € B 2 , for K—*l. In particular, by Lemma 13.71 there exists 1 < K2 < 
K\ , such that any geodesic 7' C B 2 passing through € B 2 intersects one of the arcs 
rji of H under an angle at least it/ 4 + eo/2, with eo as in Lemma [3771 As geodesies 
in B 2 passing near G B 2 are almost straight lines, there exists an ei > such that 
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any geodesic 7' C D 2 passing through the disk D(0,ei) C D 2 intersect one of the 
arcs r]i at an angle at least 7r/4. By choosing K2 > 1 smaller if necessary, we can 
be sure that 62(^2) < £i> where C2(K) is the constant of Lemma [231 

Let 70 C M be a 5o-short geodesic and let po G 70. Choose the point p E 
P C M in the tight pair of pants, which without loss of generality we may assume 
to correspond to £ D 2 in the lift. Choose an element / € J-k(M) such that 
f(po) = P an d denote 7 C M the geodesic homotopic to /(70). By our choice of 
-K3 , the lift 7 of 7 will intersect at least one of the three arcs 771 , 172 or 773 at an angle 
^(7) r ?i)g — 7r /4- In other words, 7 intersects one of the three boundary geodesies 
71,72 or 73 at an angle at least 7r/4. Further, as K2 < K\, we have that 

^2(1 + ^0) <#i(l + <So) < l + 3<5 , 
as i^i (1 + <5o/2) < 1 + Sq, and thus 7 is 3<5o-short. This proves the Lemma. □ 

3.3 The three-circle Lemma 

A triangle T C M is a subsurface of M such that its boundary consists of a simple 
closed curve comprised of three geodesic arcs. The triangle T is said to be trivial if 
the simple closed curve dT is homotopically trivial and non-trivial otherwise. 

Definition 4 (Three-circle configuration). A three-circle configuration is a union 
of three 65o-short geodesies 71 , 72 , 73 , such that each pair of geodesies intersect in 
exactly two points and the connected components M \ U|=i 7j consists of exactly 8 
triangles, see Figure 13.51 




Figure 3.5: Three-circle configuration. 
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Lemma 3.8. Let 71, 72, 73 C M comprise a three-circle configuration and let {Tj}^ =1 
be the collection of triangles associated to the configuration. If a triangle Tj for some 
1 < J < 8 is trivial, then the length of any of the three geodesic arcs that comprise 
dTj is at most A(M)/7. 

Proof. In what follows, we write the juxtaposition of arcs to denote the closed curve 
comprised by concatenating the arcs in counterclockwise direction. Suppose that a 
triangle T := Tj for some 1 < j < 8 is trivial and let the labeling be as given in 
Figure 151)1 where dT = £2-222/2- The geodesies 71,72,73 are labeled 7 s ,7t,7fc with 
1, 2, 3 some permutation of the letters s, t, k, where arcs X{ C 7 S , yi C "ft and 2, C 7& 
with 1 < i < 3. 




Figure 3.6: Proof of Lemma [3. 81 



Define the simple closed curves 

a\ = x 2 X3y 3 y 2 , a 2 = x\x 2 z 2 z\ and a 3 = y 2 yiz 3 z 2 . (21) 

By Lemma 12.11 (iii), the simple closed curves «j, with 1 < i < 3, are non-trivial. 
Further, as each of the three geodesies 7^,7* and 7^ is 6<5o-short (by definition HD , 
by the two-circle Lemma we thus have that 

A(M) < \cti\ < (1 + 18<5 )A(M), (22) 

for 1 < i < 3. Next, consider the simple closed curves 

Pi = x 3 y 3 z 2 , (3 2 = xiy 2 zi and (3 3 = y\z 3 x 2 . (23) 

As the curves on are non-trivial, and the triangle T is trivial, the curve (3i is homo- 
topic to aj, for 1 < i < 3, and therefore non-trivial. Moreover, as T is trivial, by 
the triangle-inequality applied to <9T, we have that 

|£2| < I2/2I + \z 2 \, \y 2 \ < \x 2 \ + \z 2 \ and \z 2 \ < \x 2 \ + \y 2 \. (24) 
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Combining (|22p with (|24p . it is readily verified that 

A(M) < |/%| < (1 + 18<5 )A(M), (25) 

for 1 < j < 3. Summing up the lengths of the arcs that constitute the closed curves 
/3i,/?2 an d /?3, cf. ()23p . and reordering the terms, it follows that 

3A(M) < Ixil + lxal + lxsl + lyil + lyal + lygl + lzxl + l^l + l^l < 3(1+185 )A(M). (26) 

The length of at can by (f2~Tl) be expressed as the sum of the lengths of its constituent 
arcs and estimated by 

A(M) < \x 2 \ + |s 3 | + I2/2I + |y 3 | < (1 + 185 )A(M). (27) 

Subtracting ([27]) from (f26j) . we obtain the estimate 

2A(M) - 18iJoA(Af) < |xi| + |yi| + |^| + N + M < 2A(M) + 54<5 A(M) (28) 

However, adding up the lengths of (3 2 and /?3, we must have that 

2A(M) < |xi| + \x 2 \ + \yi\ + \y 2 \ + N + \z 3 \ < 2(1 + 18<5 )A(M) (29) 

Therefore, subtracting (|29p from (|28|) . we obtain 

- 54<5 A(M) < |z 2 | - (|x 2 | + litel) < 54<5 A(M). (30) 

Repeating the same argument for a 2 and 03, one obtains 

- 54<5 A(M) < \y 2 \ - (\x 2 \ + \z 2 \) < 54<5 A(M). (31) 
-54<5 A(M) < |x 2 | - (|y 2 | + |z 2 |) < 54<5 A(M). (32) 

It then follows from ([3"0]h (f3Tj) and ([32]) that 

|a? 2 | < 54£ A(M), |y 2 | < 54<5 A(M) and |z 2 | < 545 A(M). (33) 

As 5q = 1/378, it thus follows that the lengths of the arcs x 2 ,y 2 and z 2 have to be 
at most A(M)/7. □ 

In Lemma 13.101 below, we prove the existence of certain three-circle configu- 
rations satisfying additional geometrical properties. The proof uses the following 
geometric estimate. 
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Lemma 3.9. There exists a constant 1 < K3 < K2, such that if M is K-quasi- 
conformally homogeneous with 1 < K < K3, then the following holds. Let 71,72 C 
M be two 35Q-short geodesies intersecting at a point p G 71II72, such that Z(7i, 72 ) p > 
7r/4. Let 73 C M be a geodesic and let go € 73. Let f € Fk(M) with f(p) = go 
and let 7[,7 2 be the geodesic homotopic to /(71) and 7(72) respectively. Then both 
7^ and 72 are 65o-short and at least one of j[ or 7 2 intersects 73 transversely at a 
point q S 73 with d(q,qo) < 1/20. 

Proof. First, by choosing 1 < K3 < K2, we have that 

K 3 (l + 35 ) <l + 65 , 

as K2 < K\ and Ki(l + 35o) < 1 + 65o- Let 71,72 C M be two 3<5o-short geodesies 
intersecting at a point p € 71 PI 72, such that Z(7i,72) p > 7r/4. Let 73 C M be 
a geodesic and let go £ 73) where /(p) = go- Then the geodesies 7(,7 2 homo- 
topic to /(71) and 7(72) respectively are 6<5o-short, as 71 and 72 are 3<5o-short. By 
Lemma [2. 4| / is approximated by a Mobius transformation on a compact disk. Fur- 
ther, by Lemma \2H\ the geodesic 7^ stays close to /(7«), for i = 1,2. Therefore, by 
choosing K3 small enough, we have that 

(i) 7J and 7 2 intersect at a point q\ G M with d(qi,qo) < 1/100, where go £ 73) 
and 

(ii) 0:=Z( 7l ,7 2 ) gi >!. 




Figure 3.7: Proof of Lemma [3. 91 



Let 77 C M be the arc emanating from q\ projecting perpendicularly onto 73 at 
the point 52 € 73. As d(gi,go) < 1/100 and 52 S 73, we have that \rj\ < 1/100. 
Furthermore, as 9 > 7r/5, at least one of the geodesies 7- with i = 1, 2 intersects the 
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arc n at an angle at most 2tt/5. Without loss of generality, we may suppose this is 
the case for 7J, i.e. that 

0> :=Z(r l , 1 ' 1 ) qi < T , 

see Figure [3771 If we consider the (embedded) geodesic triangle with vertices q\,q2 
and q 3 , combined with 9' < 2tt/5 and \r]\ < 1/100, it follows from the hyperbolic 
sine law that 

d(qi,q 3 ) < 4/100. 

As d(qi,qo) < 1/100, we have that d{qQ,q 2 ) < 1/100. Further, we have that 
d(q 2 ,q 3 ) < d(qi,q 3 ) and thus 

d(qo, q 3 ) < d(q , q 2 ) + d(q 2 , q 3 ) < 1/100 + 4/100 = 1/20. 

Thus setting q := q 3 finishes the proof. □ 

Lemma 3.10 (Three-circle Lemma). If M is K -quasiconformally homogeneous for 
1 < K < K%, then there exists a three-circle configuration consisting of simple closed 
geodesies 71,72,73 C M, such that 

(i) 71 U 72 is a two- circle configuration, and 

(ii) 73 is a 65o-short geodesic intersecting the arc n 3 C 72 at a point p 3 for which 

(I - ^) A (M) < dip^ps) < (1 + A) A(M), 

with j = 1,2, in the labeling of Fiaure \3.1l and 

(iii) 73 intersects the interior of the arc r\i in exactly one point for every 1 < % < 4. 

Proof. As K 3 < K\, by Lemma l3.3[ there exists a two-circle configuration, com- 
prised of two 5o-short geodesies 71,72 C M. Label the configuration according to 
Figure I3TT1 Mark a point q G 773 C 72 such that d(q,pi) = d{q,p2). As K3 < K2, by 
Lemma [3. 5[ there exist two 35o-short geodesies 73,74 intersecting at a point p € M, 
such that 

^(73,74)p > tt/4. 

Applying Lemma 13.91 to 73 and 74 and the target point q € w 3 C 72 , there exists 
a 6(5o-short geodesic 7' intersecting 72 transversely at a point q' € 72 such that 
d(q,q') < 1/20. Therefore, setting p^ := q' and 73 := 7', the conditions (i) and (ii) 
of Lemma 13.101 are satisfied. 

We are left with showing that condition (iii) of Lemma 13.101 is satisfied. That 
is, we need to show that 73 intersects the interior of the arc rji in exactly one point 
for every 1 < i < 4. To this end, we first show that 73 can not intersect the arc 773 
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(including the boundary points p\ and P2) more than once. To show this is indeed 
impossible, suppose that 73 intersects the arc 773 in a point p' C 773 other than 793. 
Let «i,a2 C 773 be the connected components of 7/3 \ {ps}- We may assume that 
p' C ai, the case when p' € 02 is similar. Therefore, if we let a' C a± the subarc 
with endpoints p% and 7/, where we include the case that p' = p%, then it follows 
that 

KI<(j + ^)a ( m). 

The two points ps and p' cut 73 into two component arcs (3\ and one component 
of which is of length at most (1 + 65q)X(M)/2; without loss of generality, we may 
suppose this is the case for (3\. Then the closed curve a' U j3\ is homotopically 
nontrivial and 

K U AI < (1 + i) A(M) + " +M f' M > - (| + 1 + Mb) A<M> < A(jVf), 

as <5o = 1/378, which is a contradiction. Therefore, 73 intersects 72 at the point 733, 
but does not intersects the arc 773 in any point other than p$, and 73 does not pass 
through p\ or p2- 

As 73 intersects 71, by Lemma 12.11 (ii), there has to exist at least one more 
intersection point of 73 with 72. By the above argument, all other intersection 
points are contained in the interior of the arc 774. By the two-circle Lemma, applied 
to 5 = 6<5o, 73 intersects 72 only twice, and therefore 73 intersects the interior of 774 
exactly once. Similarly, as 73 intersects the arc 773 exactly once, 73 has to intersect 
the interior of the arc 771 and 7/2 at least once. Again by the two-circle Lemma, 
applied to 5 = 65q, as the total number of intersection points of 73 with 71 is 
exactly two, 73 has to intersect the interior of the arc 771 and 772 exactly once. Thus 
condition (hi) is indeed satisfied and this proves the Lemma. □ 

3.4 Proof of Theorem A 

The endgame of the proof of Theorem A. is a combinatorial argument layered on the 
three-circle configuration of the Three-Circle Lemma. Thus, let 1 < K < K3 with 
K the quasiconformal homogeneity constant of M, with K% the constant which we 
obtained in the Three-Circle Lemma in order to ensure the existence of a three-circle 
configuration. 

Lemma 3.11. Lei 71,72,73 be the three-circle configuration of Lemma \3.1(A Then 
the triangle Tj is non-trivial, for every 1 < j < 8. 
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Proof. By Lemma I3.10| the 6<5o-short geodesic 73 intersects 72 at a point p 3 G 7/3 C 
71 and 

' ; X A(M)<d(p fc ,p 3 )< fT + ^ACM), (34) 



4 207 v ' - - ^4 20 y 

with = 1,2, as given in Figure [3781 Let with 1 < i < 4 be the connected 
components of 72 \ {pi,P2>P3,P4}- It suffices to show that 

\y i \>>^p-, forl<i<4. (35) 
o 

To prove sufficiency, note that every triangle dTj, with 1 < j < 8, contains exactly 
one edge yi for some 1 < i < 4. Now, if (i35|) holds, then by Lemma [378], <9Tj has 
to be non-trivial, as otherwise all three edges of dTj have to be of length less than 
A/7 < A/6. 

To prove (|3"5"|) . first note that, by (|3"4"j) . the arcs yi and 2/4 satisfy requirement 
Therefore, we are left with proving the estimate for 1/2 and 1/3. As both 71 and 72 are 
e)o-short, and 73 is 65o-short, the two-circle Lemma applied to the pairs of geodesies 
71,72 and 72,73 gives respectively 

A(M) 5 X(M) A(M) 3jpA(M) 

and 

A(M) 6^ A(M) A(M) 18frA(M) 

-2 < Iwl + Iwl < — + 2 • ( 3? ) 

Combining ([3"Bj) and (f3"7|) . it follows that 

195oA(M) 19£ A(M) 
n ^ M - 1 2/4 1 < ^ • (38) 
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As 1 2/4 1 = d(p3,p2), combining ([38]) with (j34"|) . one obtains 

w**0o(i-£-^)>*aa. 

as (5o = 1/378. By symmetry, the same estimate holds for the arc 1 2/3 1 . This 
concludes the proof. □ 

Let us now conclude the proof. 

Proof of Theorem A. Let M be i^-quasiconformally homogeneous with 1 < K < 
and let 71 , 72 , 73 be the three-circle configuration of Lemma r3.101 By Lemma [3.11l 
all triangles Tj with 1 < j < 8 have to be non-trivial. Therefore, the length of dTj 
has to be at least A(M) for every 1 < j < 8. Adding up the lengths of all dTj, 
1 < j < 8, means we count every boundary arc of a triangle Tj with multiplicity 
two and thus 

3 8 

1=1 j=i 

However, as the geodesies j{, with 1 < i < 3, are (at most) 6<5o-short by construction, 
the total length of these three geodesies counted with multiplicity two is bounded 
by 

3 

2 X)|7i| < 2 • 3(1 + 6<y )A(M) = 6(1 + 6<S )A(M) < 7A(M), (41) 
i=i 

as 36e>o < 1. The contradictory claims (|40p and (I4ip finish the proof. □ 



4 Concluding remarks 

It would be interesting to obtain an explicit value for the universal constant K, > 1, 
whose existence was shown in the proof of Theorem A. In [10], examples are given of 
-ftT-quasiconformally homogeneous genus zero surfaces, for which explicit estimates 
are computed of the quasiconformal homogeneity constant K of M, which give the 
following upper bound on the universal constant /C, 

K/C<(£)\ (42) 

where s ~ 0.483. The geometrical estimates in our proof can in many cases be 
improved to give explicit estimates of the quantities involved, except for the pre- 
liminary Lemma 2.2, whose known proof is based on a normal family argument 
(see [3]). Using these estimates, can one find a sharper estimate for /C? 
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